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Ab-initio or first-principles methods:
what does it mean?
Quantum mechanics equations to describe condensed matter:

With: i = electron index, α = ion index
Difficult task due to:
u
Presence of different time scales (electrons and nuclei)
u
Many body problem

Electrons and nuclei: Adiabatic approximation
Decouple electrons and ions as they have different energies (times scales):
nuclei are instantenously fixed
Take:
Therefore:
1) solve electron-problem:

2) solve nuclei-problem

Neglect:
terms
i.e. electron-lattice interactions.

Electron problem:
Concentrate on electrons problem.
Still a complex many-body problem:

as

at fixed

Still a many-body problem to solve as the potential
V depends on the coordinates of the electrons,

How to solve the problem?
The total energy is the expectation value:

The ground state wavefunction is the state with lowest energy that obeys
the symmetry requirements of the particles and conservation laws.

Possible strategies

Empirical
models
Neglect
electrons

Semiempirical
models
Neglect core
electrons

Ab-initio
models
DFT
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Density Functional theory (DFT)
Short History:
ü 1920s: Introduction of the Thomas-Fermi model.
ü 1964:

Hohenberg-Kohn paper proving existence of exact DF

ü 1965:

Kohn-Sham scheme introduced.

ü 1970s and early ‘80s: LDA. DFT becomes useful.
ü 1985: Incorporation of DFT into molecular dynamics

(Car-Parrinello: one of PRL’s top 10 cited papers).
ü 1988: Becke and LYP functionals. DFT useful for some chemistry
ü 1998: Nobel prize awarded to Walter Kohn in chemistry for

development of DFT.

Motivation
Electrons are quantum mechanical spin 1/2 particles and must be
described by an antisymmetric wave function

Therefore, wavefunction-based methods have to deal with Slater determinants.
DFT allows description of all the system properties as a function
of the electron density, a function of just 3 variables:

n(r),

r = (x,y,z)

DFT is an elegant formulation of the N-particle problem, conceptually simple
and computationally efficient
Limitations linked to unknown energy terms

DFT: how it works
Come back to electron Hamiltonian for a condensed matter system and
generalize to the case of interacting electrons in an external potential:

Let's consider
And:

i.e.

Vee = VH (ri ) + Vxc (ri , rj )

DFT: how it works
Hoenberg-Kohn observation:
Two systems with the same number Ne of electrons have the same
Te + Vee. Hence, they are distinguished only by Vext.
The various systems (and therefore different
)
differ by Vext . The observable linked to the wavefunction is the charge density
so there must be a correspondence between:

Kohn-Sham idea:
As the ground state properties of the systems are determined by the
ground state charge density:

map the interacting system into a non-interacting one
having the same ground state density and a ficticious potential:

NOW THE NON-INTERACTING SYSTEM CAN BE SOLVED!

Hoenberg and Kohn: theorem I
The ground state charge density n(r) of any interacting electron system
fully determines the external potential (up to a constant shift) the
electrons are subject to.
Corollary: as the Hamiltonian is fully determined (up to a constant shift), the
full many-body wave function and all the other observables are also
completely determined.

n(r)

E0[n(r)], Vext[n(r)], ...

each property is a functional of the
ground state density n(r)
N.B. a functional f [n(r)] maps a function to a number:

f[n(r)]: n(r)

f

Hoenberg and Kohn: theorem II
Since the energy of the interacting electron system can be cast as a functional
of the charge density n(r):

E[n(r)]
thus, the exact ground state energy at a given Vext(r) is the minimum
of this functional
i.e. the exact ground state density n0(r) is the
density which makes the energy functional minimum.
Correspondence between n(r) and Vext(r)
Corollary: the functional E[n(r)] is enough to determine the exact ground
state properties (only!). Excited state properties of the electron system must be
determined by other means.

Minimize E[n(r)] at a given Vext(r)
to get the ground state n(r) --> n0(r)

Proof of theorem I
Suppose there exist two different external potentials V1ext, V2ext
corresponding to the same ground state charge density n(r).
The two potentials will lead to two different Hamiltonians H1 and H2
which will have two different ground state wavefunctions leading, by
hypothesis, to the same ground state charge density n(r). Then:

Changing the labels, it is possible to obtain the reversed relation which
contradicts the previous one:

Thus, two different external potential can not correspond to the same
ground state charge density

Hoenberg-Kohn idea
What is new about Hoenberg-Kohn theorems?
Just to realize that all the properties of a system are functional
of its charge density?

The real point is:
mapping with the non-interacting system

The Kohn-Sham equations:
1)

Solve the non-interacting problem

2) as all the interesting quantities are functional of the charge
density which is required to be the same of the NON-interacting
system:
let's write:

Independent particle form soluble

unknown

The Kohn-Sham equations:

Independent particle form soluble

unknown

The KS energy functional is known except for Exc[n]. Therefore:
the problem is to find a paradigm to get useful and approximate
functionals for Exc[n]

Functional Exc[n] and Kohn-Sham equations
How to find an approximate functional Exc[n] ?
Requires information on the many-body system
of interacting electrons
Local Density Approximation - LDA
Assume the functional is the same as a model problem:
the homogeneous electron gas
Exc can be calculated as a function of the density
using quantum Monte Carlo methods (Ceperley & Alder)
Generalized Gradient approximations - GGA
Various theoretical improvements for electron density functional

LOCAL DENSITY APPROXIMATION
(LDA)
The exchange correlation functional for a homogeneous electron gas
(n(r)=n0) is known
LDA assumes a slowly varying charge density in space
Map the inhomogeneous system of charge n(r) into a homogeneous
system with charge n = n(r)
Inhomogeneous system
n(r) at point r

Homogeneous gas
n = n(r)

δEH
δExc
vs (r) = vext (r) +
+
δn(r, σ) δn(r, σ)
Homogeneous gas

What is Exc[n]?
Exchange and correlation → each electron excludes other electrons
in the nearby space –> “x-c hole”
However, Exc[n] is the interaction of the electron with the “hole” and it
involves only a spherical average
Spherical average
around the electron

Exchange hole in Ne atom
Fig. 7.2 Gunnarsson, et. al. PRB 20, 3136

Very non-spherical!
Spherical average very close
to the hole in a homogeneous
electron gas!

nucleus

electron

Exchange-correlation hole
Exchange

Correlation

Monte Carlo calculation in Si.
Hole is pretty much localized – supports a local approximation
The first electron is localized on the bond center
Hood et al. PRB 57,8972 (1998)

Exchange-correlation hole
Exchange-correlation hole – spherical average
Bond Center

Interstitial position

Comparison to scale

Monte Carlo calculation in Si.
Hole is pretty much localized – supports a local approximation
x-c hole close to the homogeneous gas case
in the most relevant regions of space
Supports local density approximation !
Hood et al. PRB 57,8972 (1998)

Kohn-Sham equations
Let us assume the LDA form for Exc[n(r)] (or any other known expression)

Minimize energy functional to get:
Impose:

with the constraint:

End up with a single particle equation:

with:

i.e.

How to solve Kohn-Sham equations
Initial guess
n(r)

Input initial structure and atoms and give
a reasonable guess for n(r)

vs (r) = vext (r) + vH (r) + vexc (r)

Calculate vs

�2 ∇2
[−
+ vs (r)]φσi (r) = �i φσi (r)
2m

n(r) =

�

Solve 1-p
equation

2
|φ(r)|
i=1,occ

Calculate new
density n(r)

Selfconsistence

NO

?

n0 (r) =

�

i=1,occ |φ(r)|

2

yes

Calculate
properties

Comparison between different calculations
and experiments

How about reliability of DFT?
The only quantities that are supposed to be correct in the Kohn-Sham
approach are:
density, energy, forces, …. i.e. integrated quantities
Density n(r ) = Σi |Ψi(r )|2
Energy Etot = Σi εi + G[n]
Force FI = - dEtot / dRI
RI = position of nucleus I
What about the individual Ψi(r ) and εi ?
In a non-interacting system, εi are the energies to add and subtract
“Kohn-Sham-particles” i.e. non-interacting “electrons”
Kohn-Sham energies to add and subtract electrons are well-defined
only at the Fermi energy
However: Kohn-Sham orbitals and energies are good starting point for
further many-body calculations

Comparison DFT results and experiments
(ARPES)
LDA - - GW ------

GW +
Expt.

No gap within LDA
Germanium
PRB 48,17791(1993)

Beyond Local Density Approximation
Approximate DFT calculations can be the starting point for explicit manybody calculations
“GW” - Green’s function for excitations: Use DFT wavefunctions as basis
for many-body perturbation expansion
QMC – quantum Monte Carlo for improved treatment of correlations
Use DFT wavefunctions as trial functions
DMFT – dynamical mean field theory: Use DFT wavefunctions and
estimates of parameters
Combine Kohn-Sham DFT and explicit many-body techniques
The many-body results can be viewed as functionals of the density or
Kohn-Sham potential!
Extend Kohn-Sham ideas to require other properties be described
Recent extensions to superconductivity – E.K.U. Gross, et al.

DFT IMPLEMENTATIONS
full-relativistic
scalar-relativistic
non-relativistic

all electron, full-potential

real-space grid

all electron, spherical potential

planewaves (PW)
(ab initio MD)

pseudopotential (valence electrons)
jellium approximation (structureless)

non-linear methods
APW:
augmented PW
KKR-GF

[ - ! + V({R},r) + Vxc(r) ] " (r) = $ " (r)
k# k#
k#

linearized methods
LAPW:
linearized APW
ASW

non-periodic
periodic
symmetrized
real-space

local density approximation (LDA)
generalized gradient approx. (GGA)
non-spinpolarized

LMTO
linear combination
of atomic orbitals
(LCAO)

spinpolarized, vector-spin density
tight-binding
LDA+U, OEP
Gauss-O
hybrid functionals
Slater type-O
current functionals
numerical O

DFT IMPLEMENTATIONS:
There are several different implementations available:
Quantum Espresso (ww.quantum-espresso.org):
open source Plane-Waves

VASP: private – Plane waves
SIESTA: open code (Slater type+gaussian orbitals)
OPENMX: open code (molecular orbital basis)
FLAPW, WIEN2K, FLEUR, FLAIR: all-eletrons
Spherical harmonics+plane waves (mixed basis set)

Magnetic systems and DFT simulations
WHAT TO DO FOR MAGNETIC SYSTEMS?
u

u

u

u

Define spin density: m(r) =

�N ↑

2

i=1 |φ↑ (r)| −

�N ↓

2
|φ
(r)|
↓
i=1

The exchange correlation potential depends on charge
density AND spin density.
Total energy functional is now dependent on n(r) and m(r)
Generalize minimization procedure of the energy
functional to determine ground state densities
n0(r) and m0(r)

Magnetic systems and DFT simulations
Recall definition of charge density

n(r) =
and spin-density

�N ↑

2

i=1 |φ↑ (r)| +

m(r) =

�N ↑

2

�N ↓

i=1 |φ↑ (r)| −

2
|φ
(r)|
↓
i=1

�N ↓

2
|φ
(r)|
↓
i=1

The energy functional now depends on density and spin-density.
Minimize energy functional:

δ(E[n(r), m(r)) = 0
Separate kinetic and exchange contribution to energy per spin
while Coulomb and external potentials are calculated for total density

Magnetic systems and DFT simulations
Separate kinetic and exchange contribution to energy per spin
while Coulomb and external potentials are calculated for total density
�N ↑ �
i=1

1 2 ↑
φ↑∗
(r)(
i
2 ∇ )φi (r)dr

1
2

��

n(r)n(r� )
�
drdr
|r−r � |

E[n] = Ekin [n↑ ] + Ekin [n↓ ] + ECoul [n] + Eext [n] + Eexc [n↑ ] + Eexc [n↓ ]
�N ↓ �
i=1

↓∗
1 2 ↓
φi (r)( 2 ∇ )φi (r)dr

�

Vext (r)n(r)dr

unknown

Magnetic systems and DFT simulations
Minimization of the energy functional leads to Kohn-Sham Hamiltonian for
each spin systems
A different exchange-correlation functional for each spin
results into two different (single-particle) Kohn-Sham equations:

ĥ↑ = − 12 ∇2 + Vext (r) + Vcoul [n] + Vexc [n↑ (r)]
↓

ĥ =

1 2
−2∇

+ Vext (r) + Vcoul [n] + Vexc [n↓ (r)]

The two equations are coupled and have to be solved together iteratively:
at each iteration the new charge and spin densities are calculated filling
the energy levels up to a common (unique) Fermi level.

Magnetic systems and DFT simulations
Implementation: To solve Kohn-Sham equations per spin
a model for the echange-correlation functional is required.
Consider once more a Local Approximation:
Local Spin Density Approximation (LSDA)
LSDA
[n↑ , n↓ ]
Exc

=

�

dr n(r)εhom
xc [n(r), (n↓ (r) − n↓ (r))/n(r)]

U. von Barth and L. Hedin 1972 J. Phys. C: Solid State Phys. 5 1629
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K. B. Hathaway, H. J. F. Jansen, and A. J. Freeman
Phys. Rev. B 31, 7603 (1985)

CALCULATIONS – EXAMPLES:
Spin density distribution of
Fe 21-layer slab (001) surface

(110) direction

Magnetic systems and DFT simulations

Antiferromagnetic coupling between
Paramagnetic Fe-porphyrin and
ultra-thin films of Ni or Co on Cu(110)
through intermediate O layer
PRL102, 047202

Magnetic systems and DFT simulations
Spin density of Co nanowires on Pt
Induced spin density on the substrate
Gambardella et al. Nature 416, 301 (2002)

Spin density of Co nanowires on Pt (111)
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Compute magneto-anisotropy introducing
spin orbit-coupling and calculating
total energies at different spin-orientations

A. Mosca Conte et al. Phys. Rev. B 78, 014416
(2008)

Magnetic systems and DFT simulations:
LDA and beyond (Ga,Mn)N
insulator

No C3 symmetry
PBE

HSE

metal

A more complex functional allows a loss
of symmetry: the Mn 3-fold degenerate
t2 states are split and not all occupied
A. Stroppa and G. Kresse, PRB79, 201201 (2009)

Surface magnetism: theory and experiments
YSICAL REVIEW
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PRL 101, 027201 (2008)

PRL 101, 027201 (2008)
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1Ml Mn on W(001)
height profile
solid line: theory along
path in (f)
dots: expt. along path in (a)

FIG. 1 (color online). Spin-resolved STM measurements of 1 ML Mn=W!001". Constant-current image with magnetic tip sensitive
to (a) the in-plane and (b),(c) the out-of-plane component of the sample magnetization (the black circle acts as position marker);
(d) Fourier
transform
of a dI=dU
map (notSTM
shown)
of a sampleofarea
with
both rotational
domains; (e) experimental
(circles) tip
andsensitive
FIG. 1 (color
online).
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Other results:
Explore phase diagram:
magnetic moment as a function
of volume (pressure) in
BaFe2As2 superconductor
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OPTICAL AND MAGNETO-OPTICAL PROPERTIES OF…
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mental longitudinal Kerr spectra

Conclusions
Ab-initio calculations can nowadays provide
important information in different fields that can
be compared with experiments.
Careful! There are some CAVEAT(S):
Always keep in mind the approximations made!
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